Abstract. Let E be an elliptic curve over a finite field k, and ℓ a prime number different from the characteristic of k. In this paper we consider the problem of finding the structure of the Tate module T ℓ (E) as an integral Galois representations of k. We show that the characteristic polynomial of the arithmetic Frobenius and the j-invariant of E suffice to this purpose in almost all cases. Hilbert Class Polynomials of imaginary quadratic orders play an important role. We give an application to the splitting of primes in torsion fields arising from elliptic curves over number fields.
Introduction
Let E be an elliptic curve over a finite field k of characteristic p, and let ℓ be a prime = p. Denote by G k the absolute Galois group of k, with respect to an algebraic closurek of k, and by Frob k the arithmetic Frobenius in G k . The rational ℓ-adic Tate module V ℓ (E) = T ℓ (E) ⊗ Z ℓ Q ℓ is an isogeny invariant of E which, by a result of Tate, defines a semi-simple Q ℓ -linear representation of G k . Thus, up to isomorphism, V ℓ (E) is determined by the characteristic polynomial f E (x) = x 2 − a E x + |k| of the action of Frob k , where a E is the "error term" |k| + 1 − |E(k)|.
On the other hand, strictly speaking, the integral Galois representation T ℓ (E) is not an isogeny invariant of E, and the sole knowledge of a E does not suffice in general to determine its isomorphism class. The main result of this paper (cf. Theorem 6.1) gives a recipe for finding, in almost all cases, a two-by-two matrix describing the action of an arithmetic Frobenius of G k on T ℓ (E) starting from the polynomial f E (x) and the j-invariant j E of E. We will proceed in two steps: first we observe that the key invariant that allows one to identify the G k -structure of T ℓ (E) ⊂ V ℓ (E), among those of all G k -stable lattices of V ℓ (E), is the ℓ-part of the index b E = [End k (E) : Z[π E ]] (cf. Theorem 4.1), where Z[π E ] is the subring of the k-endomorphisms of E generated by the Frobenius isogeny π E : E → E relative to k.
1 Next, the main theorem gives a procedure to recover the index b E , whenever possible, from f E (x) and j E . Hilbert Class Polynomials associated to imaginary quadratic orders play here a crucial role. In the ordinary case the method we use is known, in the supersingular case it is more delicate and requires some observations in the unstable case where End k (E) is "just" an order in an imaginary quadratic field (cf. §5).
Finally, our result has an application to the study of prime splitting in certain field extensions arising from elliptic curves over number fields. Theorem 7.1 gives a reciprocity law for the N -torsion field extension K(E[N ])/K arising from an elliptic curve E over a number field K.
In §2 we study reduction mod p of Hilbert Class Polynomials and recast Deuring's Lifting Lemma in this perspective. In §3 we recall all basic facts on elliptic curves over finite fields needed in the paper. In §4 and §6 we study the Galois structure of Tate modules of elliptic curves over finite. In §5 we analyze in detail the so called supersingular unstable case. Finally, in §7 the above mentioned application of our result is explained.
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Hilbert Class Polynomials and their mod p reduction
Thanks to Deuring's Lifting Lemma, and to the properties of good reduction of characteristic zero CM elliptic curves, roots of Hilbert Class Polynomials in characteristic p are known to be j-invariants of elliptic curves with prescribed Complex Multiplication. Expanding on [4] §1, we recall several facts on mod p reduction of characteristic zero singular j-invariants. The Hilbert Class Polynomial P D (x) associated to D is defined as
it has integer coefficients, its degree is equal to h D , and it is irreducible in Q[x]. The choice of the other embedding of O D into the complex numbers has the effect of replacing j C/a by its complex conjugate, and does not affect the definition of P D (x). Let now p be a prime number. If O is any abstract imaginary quadratic order, denote by O (p) the order of O ⊗ Q which is maximal at p and coincides with O locally at any prime ℓ = p. Fix a prime p ofQ of residual characteristic p, and denote by F p the algebraic closure of F p given by the residue field of p. Since for any a ∈ Cl D the complex number j C/a is an algebraic integer, there exist a number field K ⊂ C and a K-model E a of C/a which has good reductionĒ a at p (cf. [6] , §2). Up to enlarging K, we can assume the CM of C/a be attained by E a . For any prime ℓ = p, there is a natural identification of ℓ-adic Tate modules T ℓ (E a ) = T ℓ (Ē a ) (loc. cit., Lem. 2) using which one can show that the torsion of the cokernel of the reduction map (2) r :
is a p-group, where k p denotes the residue field of K at p (cf. [5] , 13 §3 Lem. 1). More precisely, it can be shown that (cf. [10] , Thm. 4.2):
where the intersection on the left hand side of the equality takes place in End kp (Ē a )⊗ Q. Since the injection induced by extension of scalars
has torsion free cokernel (cf. [6] , §4), we conclude that: The propositions above are useful to extract information on the size of the endomorphism ring of an elliptic curve in characteristic p from its j-invariant. They will be used crucially in §5 and §6.
Elliptic curves over finite fields
We recall a few basic facts on elliptic curves over finite fields, focusing on their endomorphism rings. For the proofs the reader will be referred to [8] , [9] , and [10] . The notation established in this section will be enforced in §4, §5, §6.
Let p be a prime number, k a finite field of characteristic p and size p r , and E an elliptic curve over k. Denote by R E the ring of k-endomorphisms of E, and by π E its distinguished element given by the Frobenius isogeny of E relative to k. The "error term"
, finite or infinite, of the subring generated by π E in R E . Ifǎ is the dual isogeny of a given nonzero a ∈ R E , then the degree of a is the positive integer given by the product aǎ (cf. [8] , III Thm. 6.1). The degree π EπE of the purely inseparable π E is p r (loc. cit., II Prop. 2.11), and that of the separable 1 − π E (loc. cit., III Cor. 5.5) is (1 − π E )(1 −π E ) = |E(k)|. It follows that the trace π E +π E is equal to the error term a E , and π E satisfies in R E the polynomial
The integer a E is divisible by p if and only if E is supersingular (loc. cit., V §4),
is a non-positive integer (loc. cit., V Thm.
1.1)
. This is to say that π E is a Weil k-number lying in the subfield Q(π E ) of the division algebra R E ⊗ Q. Honda-Tate theory of abelian varieties over finite fields, when applied to the above setting, says that the polynomial f E (x) determines the k-isogeny class of E and gives a description of R E ⊗ Q (cf. [9] ). As it is well known, we have
where Q p,∞ denotes the unique Q-quaternion ramified at p and infinity. The ring R E is an order of R E ⊗ Q containing π E ⊗ 1 that is maximal locally at p (cf.
[10], Thm. 4.2). The index b E is finite if and only if ∆ E < 0, in which case b
. If E is ordinary, then ∆ E < 0 and p splits completely in the imaginary quadratic field R E ⊗ Q. One way to see this is by remarking that if ∆ E < 0 and the imaginary quadratic field R E ⊗ Q has only one prime p lying above p, then the equation π EπE = p r implies π E ≡π E ≡ 0 mod p, therefore a E ≡ 0 mod p and E is supersingular. If ∆ E = 0, then E is supersingular, r = 2m is even, π E = a E /2 = ±p m , and R E is a maximal order of the definite quaternion R E ⊗ Q (loc. cit., Thm. 4.2). Conversely, if E is supersingular then ∆ E need not be zero. However, there exists a finite extension
If E is supersingular and ∆ E < 0 then we shall say that E belongs to the supersingular unstable case, which will be investigated in §5. This terminology is justified from the fact that the ring of rational endomorphisms of E increases after a suitable base extension. Lastly, since for any finite extension k ′ /k the cokernel of the natural inclusion R E ⊂ R E ′ is torsion free (cf. [6] , §4), we observe that E has CM by R E (cf. Definition 2.1). Moreover, for the same reason, R E ′ is larger than R E for some k ′ , if and only if E falls in the supersingular unstable case.
The action of Frob k on T ℓ (E) (I)
We keep the notation and assumptions of the previous section, and denote by G k the absolute Galois group of k, with respect to an algebraic closurek of k that will be fixed throughout. If ℓ is a prime number different from p, then the ℓ-adic Tate module T ℓ (E) of E is a free Z ℓ -module of rank two on which G k acts continuously and Z ℓ -linearly. In this section we construct a matrix σ E ∈ M 2 (Z) describing the action of the arithmetic Frobenius Frob k ∈ G k on T ℓ (E), for any ℓ = p. While the polynomial f E (x) suffices to determine the isomorphism class of the
, which is not in general an isogeny invariant, requires the extra data of the ℓ-part of b E (cf. Thm. 4.1 and Rem. 4.2). Accordingly, the recipe for constructing σ E involves the extra data of the index b E . Duke and Tóth have essentially already obtained this result (cf. [2] , Thm. 2.1), the proof given here is different from theirs and mainly relies on the fact that if ∆ E < 0 then T ℓ (E) is a free R E ⊗ Z ℓ -module of rank one (cf. [6] , §4 Remark).
The action of Frob k on T ℓ (E) is the same as that induced from the isogeny π E via functoriality of T ℓ , thus our problem amounts to make explicit the structure of
To do this, we begin by recalling that the Z ℓ -linear extension of the natural map
gives an isomorphism
This follows, for example, from a more general theorem of Tate on abelian varieties over finite fields (cf. [11] , Thm. 6). From this result, and from the structure of R E (cf. §3), one can deduce that the action of Frob k on V ℓ (E), which is given by 
Then for any prime
2 , therefore the semi-simple operator V ℓ (π E ) is multiplication by a E /2, and so is T ℓ (π E ). The theorem follows easily in this case.
Assume then ∆ E < 0 or, equivalently, assume b E finite. We begin by showing the last statement of the theorem. The ring R E ⊗Z ℓ is a free Z ℓ -module of rank two, it admits a Z ℓ -basis of the form (1, π ′ ), for some π
) is an endomorphism of T ℓ (E)/ℓT ℓ (E) which is not given by multiplication by any scalar in Z/ℓZ. For otherwise r ℓ (π ′ ) − s would be divisible by ℓ in End Z ℓ [G k ] (T ℓ (E)), for some s ∈ Z ℓ , and so would be
, since the mod ℓ reductions of its components generate T ℓ (E)/ℓT ℓ (E). It is now clear that the map
, from the isomorphism (5) we deduce that f E (x) and the ℓ-part of b E suffice to determine the isomorphism class of T ℓ (E). The first statement of the theorem follows.
Finally, to complete the proof, consider the pair
is the square root of ∆ E given by 2π E − a E . A discriminant computation shows that B Z is a Z-basis of R E , furthermore multiplication by π E on R E is given in the coordinates induced by B Z by the matrix σ E . The same matrix a fortiori describes multiplication by π E ⊗ 1 on R E ⊗ Z ℓ , with respect to the
Remark 4.3. If C is a k-isogeny class of ordinary elliptic curves with associated polynomial f C (x), then a special case of a result of Deligne (cf. [1] ) says that there is an equivalence between C and the category of pairs (T, F ) where T is a free Z-module of rank two, and F : T → T is an endomorphism of T which satisfies the polynomial f C (x). It should be pointed out that the matrix σ E constructed above is unrelated to Deligne's description, even if it defines an endomorphism of Z 2 satisfying f E (x). In fact σ E , which depends only on the rings Z[π E ] ⊂ R E and on the size of k, is meaningful only when used to describe the action of Frob k on
A corollary of the theorem is (cf. Proof. This follows readily from the theorem, since E[N ] decomposes into the product of its ℓ-parts, and since there is a natural identification E[ℓ n ] = T ℓ (E)/(ℓ n ) of G k -modules for all n ≥ 0.
The supersingular unstable case
We keep the notation of §3 and investigate in some detail k-isogeny classes of supersingular unstable elliptic curves. Our analysis is targeted to the study of
We will see that, possibly up to a factor of two, b E is a power of p which can be determined from the Weil polynomial f E (x) of the supersingular unstable curve E. This is due to a feature of the supersingular unstable case for which the order Z[π E ] is maximal locally at every prime ℓ ∤ 2p. We also include a lemma that is useful to decide (in "most cases") whether or not 2 divides b E using the extra data of the j-invariant of E.
Recall that an elliptic curve E over k is supersingular unstable if it is supersingular and the discriminant ∆ E of f E (x) = x 2 − a E x + p r is negative. In this case R E is an imaginary quadratic order, its discriminant is ∆ E /b 2 E . The curve E acquire its quaternionic multiplication only over a non-trivial extension of k.
Since R E ⊗ Q embeds in Endk(E ⊗ kk ) ⊗ Q, the quaternion over Q ramified at p and infinity, we have that R E ⊗ Q p is a division ring. In particular, supersingular unstable polyno-mials f E (x) are subject to the constraint that p not be complete split in Q( √ ∆ E ). This requirement, together with p|a E and ∆ E < 0, characterizes them (cf. [9] , Théorème 1). The Weil k-numbers showing up as their roots become real when raised to an appropriate power. They are imaginary quadratic integers of the form ζp r/2 , where ζ is some root of unity and p r/2 a square root of p r . The non-splitting condition above forces the following few possibilities for f E (x) (cf. [10] , Thm. 4.1): The values of the index b E appearing in the last column of the table are readily computed from the corresponding ∆ E , taking into account that R E is maximal locally at p (loc. cit., Thm. 4.2). The point is that, except for the case where p ≡ 3 mod 4, r = 2m + 1 is odd, and f E (x) = x 2 + p 2m+1 , the order Z[π E ] is maximal at every prime ℓ = p, and thus R E is the maximal order and the equality b E = p m follows. On the other hand, if p ≡ 3 mod 4 and
then b E is either 2p m or p m , and both cases do arise for suitable E (loc. cit., Thm. 4.2). Therefore b E is not constant on this isogeny class and cannot be determined from f E (x) alone. If, however, the j-invariant j E of E is not 1728 then there is the following lemma: Proof. Choose a square root √ −p of −p inside the imaginary quadratic field O −p ⊗ Q. By the maximality of R E at p already mentioned, the inclusion
an embedding of the maximal order O −p then b E = 2p m and E has CM by O −p , otherwise b E = p m and E has CM by O −4p . To prove the lemma, we need to show that if j E = 1728 then it is not possible to find two embeddings ι 1 : O −p → Endk(E ⊗ kk ) and ι 2 : O −4p → Endk(E ⊗ kk ) which are both maximal, in the sense of Definition 2.1. Since 1728 is the only supersingular invariant when p = 3, we may and will continue the proof assuming p > 3. We will argue in two steps: first we show that the existence of a maximal embedding ι : O → Endk(E ⊗ kk ), where O = O −p or O −4p , ensures the existence of a k-form E θ of E which is k-isogenous to E and for which R E θ ≃ O. Next, using that j E = 1728, we show that the ring of k-endomorphisms of any k-form of E is isomorphic to R E .
Before carrying out our plan, we make a digression on the study k-forms of E (cf. [8] for more details). The absolute Galois group G k acts in a natural way on the left of the group Autk(E ⊗ kk ). A 1-cocycle θ of this action defines an elliptic curve E θ over k and an isomorphism ϕ θ : E θ ⊗ kk → E ⊗ kk such that, if σ ∈ G k is the arithmetic Frobenius of k, the isogeny π E θ corresponds to θ(σ)π E under the identification Endk(E θ ⊗ kk ) = Endk(E ⊗ kk ) induced by ϕ θ . In particular, extension of scalars identifies End k (E θ ) with the subring of Endk(E⊗ kk ) given by the centralizer of θ(σ)π E . This construction induces a bijection between H 1 (G k , Autk(E ⊗ kk )) and the set of k-forms of E, considered up to k-isomorphism. Since π 2 E = −p 2m+1 , the curve E acquires all of its geometric endomorphisms over the degree 2 extension of k insidek, therefore the Galois action of G k on Endk(E ⊗ kk ), which is non-trivial, becomes trivial when restricted to its index 2 subgroup. Moreover, the G k -invariant subring of this action is the ring R E viewed inside Endk(E ⊗ kk ) via extension of scalars.
Since any automorphism of Endk(E ⊗ kk ) ⊗ Q is an inner one, we deduce that σ acts on Endk(E ⊗ kk ) via the involution σ(ϕ) = π E ϕπ −1 E . Since p > 3, the unit group of Autk(E ⊗ kk ) is cyclic of order 2, 4, or 6, and intersects R E only in ±1. Therefore the action of σ ∈ G k on Autk(E ⊗ kk ) is given by inversion, and evaluation of cocycles at σ induces an isomorphism
so that H 1 (G k , Autk(E ⊗ kk )) has order two. Let now O be either O −p or O −4p and let ι : O → Endk(E ⊗ kk ) be a maximal embedding. The unique ideal I p of Endk(E ⊗ kk ) of reduced norm p is principal and generated by ι( √ −p). Since the reduced norm of π E is p 2m+1 , there exists a unit u ∈ Endk(E ⊗ kk ) such that
If θ is the 1-cocycle of G k valued in Autk(E ⊗ kk )) such that θ(σ) = u, the construction described above leads to a k-form E θ of E such that, π E θ corresponds to uπ E and the ring R E θ corresponds to ι(O), the centralizer of uπ E in Endk(E ⊗ kk ). Therefore R E θ ≃ O, and the first step of our program is complete.
To prove the second step, observe that the assumption j E = 1728 ensures that −1 ∈ Autk(E ⊗ kk ) is not a square. Therefore the 1-cocycle sending σ to −1 on the one hand describes the only non-trivial k-form of E, on the other hand, it defines an elliptic curve over k whose ring of k-endomorphisms is isomorphic to that of E, since the centralizer of −π E in Endk(E ⊗ kk ) is the same as that of π E . We conclude that if j E = 1728 the two non-isomorphic k-forms of E have isomorphic k-endomorphism rings. This completes the proof of the lemma.
Notice that in the supersingular unstable case the value of b E is an invariant associated with the k-form of E ⊗ kk given by E. Under its assumptions, the lemma basically says that b E can in fact be read off from the ring Endk(E ⊗ kk ), which is only a geometric invariant of E. Using Propositions 2.2 and 2.3 we deduce a criterion to decide whether 2 divides b E or not:
We make the following definition:
Definition 5.3. Let p be a prime ≡ 3 mod 4, and r = 2m + 1 be odd. We will say that E over k is special if f E (x) = x 2 + p 2m+1 and j E = 1728.
Remark 5.4. It is easy to see that special elliptic curves do exist. For example if p ≡ 3 mod 4 and p = 3, then any elliptic curve E over the prime field F p with j E = 1728 is special. For E is supersingular, since Q[ √ −1], in which p is inert, embeds inside End Fp (E ⊗ Fp F p ), and the only possibility for f E (x) is x 2 + p (cf. Table 1 ). Similarly, if p = 3 then one can show that an elliptic curve E over F 3 with j E = 1728 has an F 3 -form which is special. Furthemore, every special elliptic curve over an (odd-degree) extension of F p arises from base change from F p . Lastly, we remark that Lemma 5.1 fails for special elliptic curves: using a computation on a certain lattice of the definite quaternion ramified at p, Elkies observes that any special elliptic curve has CM by both O −p and O −4p (cf. [4] , §2).
The action of Frob k on T ℓ (E) (II)
This section completes the study of T ℓ (E) started in §4, and contains a solution to the problem motivating the paper that was exposed in the introduction. More precisely, Theorem 6.1 describes a recipe for making the action of Frob k on T ℓ (E) explicit in terms of a E , |k|, and j E , where ℓ is a prime = p which is assumed odd if E is special. Theorem 6.1 is an extension of the previous Theorem 4.1. The extra feature that the former has over the latter is explaining how to recover the index b E from the above triple of invariants, at least when E is not special. The method for doing this requires verifying whether the mod p reductions of certain Hilbert Class Polynomials P D (x) vanish or not on j E . In the ordinary case this procedure is known (cf. for example [2] §5). The observation that it remains valid when E is supersingular, and that a uniform statement including both cases can be given, is the main point of the paper, and might contain some novelty.
For a negative discriminant D set Theorem 6.1. Let E be an elliptic curve over k, define
Set moreover
Then for any ℓ = p there exists a Z ℓ -basis B of T ℓ (E) such that the action of Frob k in the coordinates of B is given by
Proof. We first show that b E = b provided that E not be special. We then deduce the theorem from Theorem 4.1, since τ E = σ E . We complete the proof treating the special case separately.
If ∆ E = 0, or equivalently if b E is infinite, then the equality b E = b trivially holds, since ∆ E = 0 and P 0 (x) = 0 by definition. Therefore we continue assuming ∆ E < 0, so that R E is isomorphic to the imaginary quadratic order O ∆E /b 2 E . Besides having CM by its endomorphism ring R E (cf. §3), the curve E has Complex Multiplication by O ∆E /b 2 , as it follows from the definition of b and from Deuring's Lifting Lemma (cf. Proposition 2.3). Therefore there are inclusions
both having torsion free cokernel. In the ordinary case Endk(E⊗ kk ) is an imaginary quadratic order, hence the two inclusions above both are isomorphisms. Thus ∆ E /b 2 E = ∆ E /b 2 , and b E = b readily follows. In the remaining case where E is supersingular unstable, the argument just given breaks down, since Endk(E ⊗ kk ) is an order in the definite Q-quaternion ramified at p, and has rank four over Z. To show that b E = b still holds if E is not special we appeal to the maximality properties of R E investigated in §5.
From Deuring's Lifting Lemma it follows that, among the orders of O ∆E ⊗ Q by which E has CM, the ring O ∆E /b 2 is the one with minimum discriminant. Therefore if R E is the maximal order then we must have O ∆E /b 2 ≃ R E , and b E = b follows. If R E is not maximal, then p ≡ 3 mod 4, r = 2m + 1, f E (x) = x 2 + p 2m+1 , b E = p m , and R E sits in the maximal order of R E ⊗ Q with index 2 (cf. §5). The minimality of its discriminant implies that O ∆E /b 2 is isomorphic to either R E or to the maximal order. In the first case
m , and b E = b follows. Assume now that E is special, so that, in particular, a E = 0, ∆ E = −4p 2m+1 , where p 2m+1 is the size of k, and b E ∈ {p m ; 2p m } (cf. §5). The action of Frob k on T ℓ (E), for any ℓ = p, is described by
according to whether b E = p m or 2p m , respectively (cf. Thm. 4.1). Notice that for any ℓ ∤ 2p, the matrices σ ′ and σ ′′ define the same GL 2 (Z ℓ )-conjugacy class. To see this, set The next corollary gives a criterion for the N -torsion of E to be entirely defined over k, where N is a positive integer not divisible by p. 
Moreover, E[N ](k) consists entirely of k-rational points if and only if in addition to (7) we have
where
Proof. If ∆ E = 0, or equivalently if b E is infinite, then by Theorem 6.1 the action of Frob k on E[N ](k) is given by multiplication by a E /2 mod N . Since (7) is satisfied and a E /2 ≡ 1 mod N is equivalent to a E ≡ 2 mod Ntherefore σ E ≡ id 2 mod N if and only if (7) holds and
Since this last congruence is equivalent to
the corollary follows once we remark that if (7) holds, then ∆ E /b E ≡ ∆ E /N mod N * , as can be easily verified.
7. An application to elliptic curves over number fields
Let K be a number field,K an algebraic closure of it, and G K the absolute Galois group Gal(K/K) of K. If p is a finite prime of K, denote by k p its residue field, by K p the corresponding completion of K, and by G Kp the decomposition group of G K at p with respect to the choice of a primep ofK extending p. Denote moreover byk p the algebraic closure of k p given by the residue field ofp, and by G kp the Galois group Gal(k p /k p ).
Let E be an elliptic curve over K. If p is a prime of K at which E has good reduction E p , then denote by a p the error term |k p | + 1 − |E p (k p )|, and by ∆ p the discriminant a The results of §6 can therefore be applied to describe the conjugacy class of ρ E[N ] (Frob p ) in GL 2 (Z/N Z) in terms of a p , of the size of k p , and of the j-invariant j Ep , provided that N satisfies the usual constraint of being odd if p is one of the finitely many primes of K such that E p is special. We will confine ourselves to the following application of Corollary 6.3 and of the Galois equivariant identity (10), which gives a reciprocity law for the extension K(E[N ])/K: Under the assumptions of the theorem, from Corollary 6.3 it also follows that Frob p acts as scalar multiplication on E[N ] if and only if condition i) in the theorem holds. Notice that in the special case where N = ℓ is prime this gives a criterion for deciding whether or not Frob p acts on E[ℓ] in a semi semi-simple fashion in the critical case when ℓ|∆ p , i.e., when such an action has only one eigenvalue. This problem has been emphasized in [7] .
